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1. Introduction

Suppose in a laboratory, say Laboratory 1, a certain instrument is designed to mea-
sure several characteristics, afid a number of vector-valued measurements is recorded.
Qur objective is to estimate the unknown population mean. It is known, however,
that a similar instrument is used in another laboratory, say Laboratory II for the
same purpose, and a number of observations is recorded from the second instrument.
It is also suspected that the two population means are equal, in which case, observa-
tions recorded in Laboratory I can possibly be used effectively together with those
in Laboratory I for estimating the population mean of the first instrument. Thus,
the question that naturally arises is whether one should use the sample mean from
Laboratory I or the pooled mean from the two laboratories.

In problems of this type what is normally sought is a compromise estimator which

leans more towards the pooled sample mean when the null hypothesis of the equality of
the two population means is accepted, and towards the sample mean from Laboratory

I when such a hypothesis is rejected.
A very popular way to achieve this compromise is to tise a preliminary test esti-

mator (PTE) which uses the pooled mean when the null hypothesis is accepted at, a
desired level of significance, and uses the sample mean from Laboratory I when oppo-
site is the 4.ae. For an excellent review of PTE's, see Bancroft and Ilan (1981). It is
known, though, in other situations that. a PTE is typically not, a minimax estimator,
ar(] estimators with uniformly smaller mean squared error (MSE) than the PTE can
often be produced (see for example Sclove et, al (1972)). Moreover, the degree of
evidence for or against the null hypothesis is not reflected in the PTE.

In this paper, we propose instead an empirical Ba.yes4EB)'estimator which achieves
the intended compromise. S;ch an ED estimator is quite often a weighted average of
the pooled mean and the first sample mean. The weights are adaptively determined

from the data in such a, way that larger the value of the usual F statistic used for
testing the equality of the two populatin means, the smaller is the weight attached
towards the pooled sample mean. Thus, unlike the PTE, the EB estimator incorpo-
rates the degree of evidence for or against the null hypothesis in a very natural way.
Also, unlike a subjective Bayes estimator, the ED estimator is quite robust (with

respect to its frequientist. or Bayesian risk) against, a. wide class of priors.
Section 2 motivates the ED estimator, arid its Bayesian properties are discussed

in this Section. Among other things, it is shown that, the ElD estimator has uni-
formly smaller Bayes risk than the first, sample mean. In Section 3, the estima-
tors are compared in terms of their frequentist. risks, and sufficient conditins un-
(Ier which an Ell estimator dominates the first saMple mean are given. Also, in
this section, a modified ED estimator is proposed, arid sufficient, conditions urn-
der which it dominates the PTE are given. Finally, in Section 5, a hierarchical
lBayes approach is proposed as an alternative to El estimators. it. has recently

•.%
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come to our attention that Saleh and Ahmed (1987) have considered estimation
of it, ituner the loss .(,, pt,) =(6 - t,)-I(6- jpl), a.ssuming V, V2  V /

unknown, and proposed the shrinkage estimator R, + -,2r-(A2 - R) where

-" = (A2 - 1%)'S-I(x2 -- i'), nS = pooled sum of squares and products matrix,2(p-2)
2

n "n - n 2 - 2, and 0 < c < "I A comparison of the risk of the above

estimator with those of the PTE as well as R, and ij;Fj 1_-3t is also undertaken by"I I n2

the above authors.
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2. The EB Estimator and its Bayesian Properties

LTet X,,(i .,n) and X 2 ,(i = 1, ... ,n) be independent p(> 3)-dimensional
random vectors, where X, 1's are iid Nr(i 1t,a 2Vi), while X2,'s are iid N (p. 1,a(V 2 ).
In the above It, E I, P2 E R" and a2 (> 0) are unknown, but V1 and V 2 are known
p x p p.d. matrices. Our goal is to estimate It,.

In order to motivate the EB estimator, we need find first a Bayes procedure. It is
immediate that the minimal sufficient statistic for (t1, ,2,a 2) is (X,,X2, tr(V-' Sl I

V 2 '19 2)), where X, = n.' , X,,( 1, 2) and S, = 'E , '(X,,- X0)(X;,- ;), j=
1,2. Note also that Xj _ N, ,(P,,an2 'V,) 1,2), while tr(V±'Sl + l -S,)

2 2or2X~nj fn2 -2)p"

In a Bayesian frame work, the above is treated as a conditinal distribution given

t, and /1.2. We use the independent N,(V, r2nVI) and N,(v, r 2 n.V 2 ) priors for it,
and /1 2 , that is the prior variance - covariance matrix is proportional to the variance-
covariance matrix of the corresponding sample mean. The suspicion that p.1 and 112

may be equal is reflected in the choice of a priori common mean v. For a related prior
in the general regression model, see Ghosh et al (1997).

In order to find the posterior distribution of .= (Pit , first note that conditional
\ P21

on it, and /12, X,XI2 , St and S2 are mutually independent, and the distributions of
S 1 , S2 (10 not depend on jil and p.2. Hence, we can restrict ourselves to the conditional

distributions of Xj's given iti's. Also, since Pt and 12 have independent normal

priors, standard calculations yield that it, and p12 given X 1 and X7 have independent.

posLerior distributions with

1jijX, -5t Nl,((1 - B)5z, - LI,u72 (1 _ B) 71 Vj) (2.1)

) 1,2 where Bl =a 2 /(o 2 + r). Now, using the loss

L(lL,a) = a-2 (a - p,)Tq(a ,i) (2.2)

for estimating li., by a (Q being a known p.d. weight matrix), the Bayes estimator
of It is

en(X,) = (0 )3)X, I fl,,. (2.3)

Note that the Bayes estimator (Joes not depend on the choice of Q. The multiplier
2 ' is used in the loss because that makes XI a mininiax Vstimator of/pl with constant.

risk not. depending on any unknown parameter.

In order to find an EFl estimator of /ir., we estimate the iinknown paralletfirq I

and v in (2.3) from the marginal distributions of X1, X 2 and t.r(Vl ',i I V2 ',S7. Note

that marginally X I, X2 and tr(Vl ISI f V 2 II2) are mutually independent, with XI
N 1(v, (72, 2(,, r2 )V,),(j 1,2) and tr(V, I V-'S 2 ) _ ( k. 2  . ence the

(1S
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complete sufficient statistic for (v, r2,a2) based on this marginal distribution is (W, Z,
tr(Vj"St + V 'S 2 )) where W (nVj- ± n 2VI-)-(n1 V-X, + n 2 VV1X 2 ) is the

pooled sample mean, Z = YT(n VI+n2-V 2)
-tY and Y = X 1 --X 2 . Also, marginally,

W Np(v,(a 2T +- r 2 )(ntVI' + n 2Vt)),Y - N(O, (ni'VI 4- ,,2 -V 2 )(a 2 +r r2)) and
tr(Vj1 S1 I V S2 ) anx, 2 2,, Tlence, the 1JMVUE of v is W, while the

UMVUE of (a 2 1- r 2 )-l is (p - 2)/(Y4(nt-V, --n;'V2)-'Y). The last assertion
follows since YT(,,-IV, + n2-tV 2)-iY P(a r M)'. Moreover since tr(VI'S,
V2-I S2) nL,, +,n2-2)P, the best scale invariant estimator of a2 is ((n, +n 2 -2)p i-2)>'

tr(V1 S, tI- V2'S 2 ). Substituting these estimators for v, (a( 2 + r2)-1 and a2 in (2.3),
one gets the El estimator of /i, as P

4PE(x,,Xs,, -(1 - +)x, - Bw W w (W - )(x, - W) (2.4)

where

(p - 2)tr(Vj'S, v's) ..

S((n + n2 - 2)p + 2)Y7(n,'V, ± n'V 2)-'Y (25

Remiark 2.1 Note that 0 < B < 1, while the estimator h though positine canyl
Vales erceeding one. Accordingly, for practical purposes, one proposes the positive
part EB estimator

Prn(X,,X2,,,SS) = W ± (I -- 1)) (X, -- W). (2.6)

of p.1, where a' = max(a,O). For simplicity of exposition, in the remainder of this
section, we shall, however, work with eEo rather than e'F.

A question that naturally arises is why this particular method of estimation is

itsedl for estimating the prior parameters. We shall answer the question by proving
the "optimality" of e 1n within the class of estimators

__ ctr(V-1.51 1 72 1 S2) _:'
6, (x , ,X 2 , S 1, S2) W -I (1cr( 1 S 1 I))~ -W'I),

((nt - - 2)p - 2)YT(nj'V 2  ? ,I'U 2 ) ,)
(2.7)

where c(,. 0) is a constant. Note that, PF P= _2 .

Theorpn 2.1 The (Hayes risk of 6,. under the assutme(l prior (say ) and the loss

(p.v) s gten by

, (, (2  2) 2c 1(ni2 - 2) )

(n , - 2)p I 2}(p - 2) (n, ?1 - 2) p + 2 %(.8) .

I

%.
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where A is defined following (2.11) below.

Proof:

Tle second part of the theorem follows immediately from (2.8). To prove the first
part, write

r( ,6) = r(t,eB) + a-'E(en - 6,)rQ(en - 6,)l (2.9)

Note from (2.1) to (2.3) that

r(k,eB) = (1 - B)n,'tr(QV,) (2.10)
Also, writing B= ctr(VS,1 +Vi'S2 )/{n1 +n 2 -

2 )p+ 2 )yT(,,-IV, ± n-'V 2)'Y},

one gets

-b -, (l - B)X, 4 Bv - W -(-B ,-W)

- B (W-v) + ( 3-)(X, -W)
-B(W - v)- (/L, - B)AY, (2.11)

A - (nV' +,V,')-'n, 2 V 1 .

Next nsing the independence of W and (Y, tr(V-'S + V21 S 2)) and the facts that,
E(W) v, Var(W) = ( t+r)(nV-' +n 2 V')' Ia+1(ntVV' n 2V;')', one

gets

32 F;1(q -- ,s.)1Q(3)2

"3BE[(W - v)7 Q(W )1 I- E1(B, - B) 2YT A r QAYI

- ' Btr{Q(nV,-' + n2V2 ')-'} -F Ej(h, - B) 2YTATQAY] (2.12)

Now we find

-- ) 2y'A"QAYI
C 2{tr(V, 's, 1  V2 ',5)}

~2 -2~p ~ ly~ (Y QAY)
( f 2 2)p I 2 {YT(, 1. 1 r + 77' 2) + Y A

1 2(,F. 2) p-1 2) (. V, +,-.2'V2)-'V}
Sl 2(yT ATQAY)l (2.13)

Ising the independence of Y and tr(V I IS + V2
1-S 2 ) along with the fact, that.

tr(V, S 2t V2 'S,) o'4p, , l,, it. follows that the right hand side of (2.13)

Va
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E C264 (n, 4- n 2 - 2)p YTATQAY

(n, -± n2 -- 2)p + 2 {yT(n('Vr +±2V)I1

2Bca2(n, + n2 - 2)p yTA QAY 1,

(n, + Y2 -- 2)p + 2 {yT(nj'V 4- n2'V 2)- Y}

(2 .1 4 ) ; ..

Next observe nhat YT(l'V, + n2-V 2)-'Y is a f,,nction of the complete sufficient

statist~ic while (YTATQA Y)/,(YT( n'VI + n 2 lV)-JY) is ancillary. Now using Basu's

theorem (or Lemma 1 of Ghosh et al (1987)) along wil.h F(YTAQAY) = (72 r+ 7-2)

tr(QA(n,-1V+i---V 2)AT), E(yT(n-'V, +n -'V2)-'Y) = ,)(+r 2 ), and E(YT(nTV, +I

,,2-V)-,y) ' ( 2 + r2)-'(p - 2)-', it follows that the right hand side of (2.14)

c2 a2 (n, 4 n 2 -- 2)ptr(QA(n1' VI I ,72'V 2)AT)

{(-, + 2 - 2)p I 2} p(p -- 2)

2ca 2 B(n, + n2 -- 2)ptr(QA(n.'V, I n7 V 2 )A T )

((", F,.2 - 2)i 4 2}p

z2 lltr(QA(n-' V, -'V2))AT) (2. 15)

It. follows from (2.12) - (2.1.5) that,

(72 r(Q(, ' ') ,2  r(QA(,, '4", r ('VA)AT)

U(It 72 2) 2c(771  F, ,2 2) (
I n 2 - 2)p I 2}(p - 2) (n, 4 n 2 - 2)p 4-2

The proof of the theorem is complete from (2.9), (2.10) and (2.16).

Next, we compare the Raves risks of ep and X1. Note that X, has constant,

risk, and hence constant. laves risk (under any prior) a 2 n-1 r(QVIV). Rather than

comparing the Bayes risks of CFp and X, directlv, we find it, convenient, to introduce

the notion of Relat.ive Savings Loss (lS[,) as in Efron and Morris (1973).
I-or any estimator P of /it, the [? SI, of Pr with respect, t.o P (unrder tHi prior )

is defiled as

I.?

RSI,(;c-F~~e) r( ,e,~n) - r( ,en)j/lr(6,P) r(6,Pn)j

1 r$e (,,nll(~) r~e~ (2.17)

This is the proportion of the possible layes risk improvement, over e that, is sacrificed

by the use of PF.1 rat her t.han the ideal PR under the prior . From (2.8) with c p 2

alrd (2.10), it follows that, N,

. :. .. . .. ...-. v .-. N P'-:. .'. .:.. .... , .. .4 -y '-' -- ., , ',- ..' -': , ',,-,-% '. - € . - , 5., ,-." : . - -¢ ,, ,
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lI.r ((( Iv, V . ??2 V' 2  '

tr(QA(ii. 1 ' -1 ?12 V2 ) A) (2-- -_ I

NoL~e that. the above MST, expression does not. depend on -tny unknown paramleter.
Also, fromt (2.18), since 2(n., + 2- 1) < (??,I +- ?2 -2)p 1- 2, and

11 VI f 2V;-)- 1 I A(in.,I' n 1 'I"2)A" = ti'V,, (2. 19)%

it. Follovvs that, H S f4; ,p, X1 ) < whuich is eqialent. t.o r (,er) <r( MX0)-5

,p'in h~nIas smaller Bayes risk than X1. A prooF of (2.1) follows ealsily from
sImil~anls f (I agon a.ization or V, and V'2. A Iterriativr'ly, w ri ti rg

A (it Vn,, ?12.21) 1)1"2 -'~ PV2  '{?I102 1?211)1 1 ' 21"

* ~~~i, Foh)wsth.

(111"1 ?12J"2 A ?il'V n-'V--T t.2AI., V i tin2 1/) nV,

*~ wIliffI is (2.1)
F~inially, in tiis sec lon, we comnpare the I Tayes risk orfy r willtI Hit. of WV. Note

117 . I has Raves risk

r(C, W) -r(C,e,,) (7 *21j(vn W)(en W)1 (2.20)

Since 4-1 V - (I. IIlX, 1?:', W - I('N v) I(I l) (, XV)
* 1(W v') I (I H)A Y where A is dlefined followinug (2.11), Insinlg once Againl the

inlrjienldelue of XV aiid Y, it. Follows that.

V <I (v r W)'Q(e-1 XV)1
-- 

21?~rQ(~,V, I 2 V 2 )) (I 11)'I,(X '(YA A)

0'/rO'IV I 2'V 2 1) 1) o2( 1)21? 't.r(QA(n. , J112 1 V,2 )AT (2.21) -
'l'lnS floil (.1) ('2.20)) and (2.21),
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117,~~ 11, r

t((' , w) = ,,i 'l) r1Bt(4') rQ,,, ,2v )

trQUV 2V -I-D 1 - 2 tr (Q AS (- V, 4- n-V2)AT

.~J.

{(I 131 > J2(n-',+r(2A -'V ) n +,,-2 -2)p+)  (2.22) _
Finmayrom 2. ) te fc tha Pp2 does0 ntd (2.22), i Wfollorml NZa n.Iote, al .-Itr

prs,,in -If, fo exmle(, w s very mallid p. Is-:a

V.

.

II

1-1- (o --,t -' )"4-Atn(' 1, ,,,, v , (2.22)

whiha (224 esthanolds. adonyif,

.P

Frinally, for 28 withpe, rc ps -2,r (2.0) and (2.2) it foaloy deghat a(i v' tb~,W.

frs u) -l,,.(e,r ton haIr( XV). Indeed. n. thi ae V=a/c= +r 2  svr ls-t ,
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3. Minimax Estimation

It is well known that tinder the loss given in (2.2), X, is a minimax estimator of It,

with constant risk n'I tr(QV1 ). In this section, first we find a class of estimators

including eFB as a member which dominates X, under certain conditions, and then

investigate whether eEB satisfies these conditions.
With this end, first write

F= (Yr(ntVi + n2'V 2)-'Y)/{tr(V-'S, + V 2-S 2)/((n1 + n 2 - 2 )p + 2)} (3.1)

and consider the class of estimators

it' = X, - (k(F)/F)(Xt - W) (3.2)

for estimating it,. Note that CeB belongs to this class with O(F) = p - 2. We now

compute the freqpientist risk of the estimator /i. (i.e. without any reference to the

prior e). Throughout this section, E denotes expectation conditional on iti and t2.

Theorem 3.1

%( tr(A QAV) +2(0'() -,))I

.~.n~r 1  F ±F yTV-Iy

2 ( 

?here V = n- 'VI + n2 -'V 2 .

l'roof: First write

EI(p,' -t,)TQ(,tQ -PI)

- EI(X, - 1, )TQ(X, i)

- 2(k(F)/F) y T T Q(X, - 1,)

j- (0 2(r)/ 2 )y T AT QAY1 (3.4l)

where we have used the fact that X, - W = AY. Next writing X = W + AY and

correspondingly t, = p. + Alto where ji. = (n,V( -  -n 2 V2') '(nil-il ± n 2 W2 -It)

and I0 -- P12, one gets

EI(-0(F)/F)YT A T Q(X, -p,)]

- Ej(0(F)/F)Y A Q ((W p. 1 A(Y -- vo)) l

- Ej(¢(F)/F)YT AT QA(Y - itt)l (3.5)

' .S .., ... -.: , : ; .: .' , .4 , , , ,: -.-, : -, -, , - -.-.., - . .- -...., . -. . .-. . .. .. . - ., , ..



10.,-

where in the final step of (3.5), one uses the independence of (Y, t~r(VC-i - V2 -1S 2 )) b
with W as well as E(W) = it.. Now since V is p.d., there exists a nonsingular D such

tht D-'V(D .) i Write Z = D 'Y and Y10 - D-t YO. Then Z - Np(,1, ,a 2I).
We rewrite

YTATQA(Y- uo) ZTU(Z - 'o), (3.6)

where U ((u, 1 )) DTATQAD. Also, in terms of Z, F ZTZ/{tr(V- 'S -

l2 tS2)/((",I f, - 2)p I- 2)}. Now rising Stein's identity (cf. Stein (1981)), the
independence of Z and tr(V- S, 1- V1 'S2), and (3.6),

p; r)/r,)T( ?nFl(,d(F)/F)z T u(z -io)1jd

d(3 (kF)'. I- .2Z[=1{

,_,' r , ,r( ' V, , '" 'S )/ .Qn I , 2)p. 2-
~2 () ,+1(F) (F) - Z Z7., tZ

(7 r(V'S.2)p F2
F,~ 2 F F2 ftr'' I 1" S2)((" ti 2)p 2il

F P"F' - I -]

2 () YTA T A y l

(7 ~tr(ArQ.AV) -1 2 { 0' ( r) - F } 7V, I y (3.7)

The theorem follows now rroin (3.3), (3.4) and (3.7).
Next. in this section we find an upper bound for EI(O'(r)/F')Yra"QAY!. We

first get, the inequality

El(v 2( F)/IF)(Y T ArQAY)l
E02 '.bl) YTATQAy ,.r(V', 'S,, II ', 2)- j- --,=  F . . . . . . . ..

f,'2  YTV 'Y {(011 ?2 2)1P 2)
- clr,(A7 QAV)E;b 2 (F)I" .r(I , ' V, 12 '.?12((,,, ,, 2);, )

(3 )

where ch,(A 7 QAV) denotfs the largest vige valie of A7 QAV ad / ,(F) V() /.
Next applying (2. I9) of Ifron and Morris (1976), oi(, , gets

1;lh 2( ')Ftr(V, '., 1 V"2 ',2)/((,,, ti, 2), 1 2)!

• . .. . . . . * 1-q,,,/',, - " ". ." "a ' ', ,'.e" a,"a ."... ". ' ''.'.,j, "..¢ :.' -'.-<-:'- -*',-**.' ; .Z- V'**p ~ * d S



El(n, + 2 -2)p ± 2 () 2 tr(V1
1'S1 I- V2

1'S2

- v (±n 2 - 2)p + 2 (FF (n,±+n2 -2)p±+2 (n,±+n2 -2)p±+2

* (h(Fh'()F± h(F)(-tr(V,-'S2 ± Vi2
1 S2 )/((nh ± n2 - 2)p ±)

2 r (n,±+n2 -2)p 0 2 (F)
1(n,±+n2 -2)p±+2 F

2--- F 12 (1'(F) O (F)' O(F) + I
(n, ± n2 2)p +2~ F F2 F

a 2 E [0'(F) ( 4 ± 2 )p+ 2 (F)'(F)] (3.9)

Prom (3.8) and (3.9), one gets

E 2Q (YT A TQAY)l

<A a~1,QAV)E [~ 2 .F) (ni - n2- 2 )P 2 O(F)O'(F)j (3.10)

Combining (3.3) and (3.10), one gets

0~2 EI(,it, - )- ) XI - jjI)T j 1.i,

T~F t(F YrA T QAY1
* - 2E1 ( tr(AT QAV) + 2((k'(F)- -)' I

F F yTV-Iy

T r~()_4 ,JIIW.
± ch,(A QAV)E - (d'(Fr)Jd.i

IF (n, + n2- 2 )p +2

The following theor-em is now easy to prove from (3.11). Recall that A (nV(' +I

?1212 ')n 2 V27 and V n-V2 ± n-tV2.

Tlieorpin 3.2 Supposf that

(I) tr(A QAV) -- 2ch1 (A QAV)

(r) 0 O (F) < 2!t.AQAVJ ' n

(Ill) O(F) Iin F

hold. Thent aY'Ef(p , 011 //1Q(, - .d- (XI -1,TQX p - < 0 for all it, and
,P

V%
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Proof: Using (iii), it follows from (3.11) that

El(.,*- .. ,)"Q(j., - .,- (,- ,1)TQ(X, -.. )

0 k(') P ) (F ) T Q ((IFI< 2E -- tr(ATQAV) + 2 O(F h AQA ± chl(ATQAV)F" F yrv_,y 2 F

E, '€F "rAQV) +¢((F)hAQV

IF F 2 FJ• ~~~~t( T. Q_2A--rAQA)+2-)

2E[ --- chi(ATQAV) 2 ( -V2) - O(F)

< 0 (3.12)

using conditions (i) and (ii) of the theorem.

Reitark 3.1 It is an immediate consequence of the above theorem that if condition

(i) of Theorem 3 holds, and 0 < 1p - 2 < 2[(tr(ATQAV)/ch,(ATQAV) - 21, then
the ElB estimators dominates X1. In particular, if Q = V, V 2  Ir, then
tr(ATQAV) = p chl(ATQAV), and hence eEP dominates X1 for p -> 3.

In the remainder of this section we show how a modified El estimator can domi-
nate the PTE. Once again, an appeal to Theorem 3.1 is made.

A PTE TrE of jit is of the form 6 PTE = g(F)X, + (I - g(F))W = X, - (I -

g(/))(X, - W) where g(F) = I1>,fj for some positive constant d, and I denotes the
iusual indicator function. The choice of d is governed by the level of significance that,
is used for testing 11o : jit A2. We propose the rival estimator

- W + (I-g)(F)(X, - W) (3.13)

which is a modified version of e1 n with p - 2 replaced by a general c. Note that

M =W when g(F) 0, but = n when g(F) -I. The following theorem
is then proved.

Theoreui 3.3 Suppose condition (i) of Theorem .3. P holds and 0 - r -, 21, tr(ArQAV)

21. 7Ten 
1,AQ

for i10TQ(6xfrin -,) - T (1A)TQ(bPTE /11)1 < 0 (3.14)

St for allIt ti d 112-

P.a
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Proof:
Write tk,(F) = F(1 - g(F)) and 02 (F) = F(I - (1 - .)g(F)) = 0 1(F) - cg(F).

Then brT. = X, - (qS,(F)/F)(Xz - W) while 6IASM = X1 - (1 2(F)/F)(X1 - W).
Note that both 0 1(F) and k2(F) are differentiable everywhere except at F - d. Thus
tk',(F) and 4),(F) are defined a.e. (Lebesgue). Moreover, #,(F) - 0 2(F) = -cg(F),
02 (F) -q0(F) = -c 2 g2 (F) = -c'g(F) and q5'(F) = 0(F) = 1 -g(F) a.e. Lebesgue.
Then, applying Theorem 3.1 twice once with k(F) = k2(F), and next with O(F)
0,(F), one gets

Left hand side of (3.14)

r(F ) 2 yTAT7'QAY~yv,

-2E [c tr(AT QAV) - FCg(F) y TAT Qy

+ -2 E c  ( p ) . (yTATQAY)]'g, 2 Ty~Qy

< -2E [-Ir(ATQAV) -- cQ(F)ch,(ATQAV)

2 2i 2c(r)F) tr(VjS 17-V2- 82) YTATQAY

(n7 - n - 2)p + 2 YTV- 1Y

-2 [h,(A V) Etr(A TcQAV) rF(ATQV)]

--2 .:(~A1'2 fr( A TQAV)F [F . (n, +i 1,2 - 2 )p + 21

Applying (2.18) of Efron and Vlorris (1976) again with O(F) = g(F) so that k'(F) -0
a.p. Lebesgiie, one gels

(g2 tr(V-'S, t- V,-1 S 2)/((n, +- t72 - 2)p +F 2)] a2 Eg 2 ()F (72 Eg(F)/Fj.

(3.16)

Now from (3.15) and (3.16), left hand side of (3. 11)

- 0 (3.17)

by ,sing Ih-le ,,pper botlnd of c given in this theorem. The proof of the theorem is
Compllete'.

'-I,
C~i~ijlE'tC

S..

*"° ' . ",V -" " " , ."" s , '. % " % - . - . " -
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Remark 3.2 Note that when Q = V, = V2 = I, the contditions of the theorem hold
when 0 < c < 2(p - 2), and in particular when c = p - 2, p > 3.

4

A,,

PAm

',

,,

pl

U. .."""""7 :"'' :"." . . .2 ' .2 '." " . . . . " '" ".r . -'. .""" 
'

"" " "".*. "." ' ' . " . . .
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4. Hierarchical Bayes Estimation

Section 2 is devoted to classical empirical Bayes estimation, i.e. when the unknown
prior parameters are estimated by classical methods of estimatin such as uniformly
miniinmtim variance unbiased estimation, maximium likelihood estimation, best invari-
ant, estimation etc. Instead, one can assign prior distributions (proper or improper)
tCo the hyperparainet~ers, and come tp with hierarchical Bayes (1113) estimators of pi.
Note that. in a classical ER approach, the lower stage Bayesian analysis is performed

as if the hyperparameters were known a priori. This approach ignores the error as-
sociated with the estimation of the hyperparameters. Oil the other hand, the 1111
approach models the uncertainty of the hyperparameters by the second stage prior.
Accordingly, unlike positive part E13 estimators, the 1113 estimators are smooth, and
bear the potentiality of being admissible.

To introdlce t, hliii nodel, first not.e that as in Section 2, one may start with
the mini mal sufficienl, statist.ic (XI,X 2 , 4r(Vl'S1 -4-V2-'52)). Write r -2 and
(pr) - 2 i.e. p .-- 2/r'. Now conditional on 1'1,112 and r, X,,X 2 aid U -

t.r( I/, ' S' F V2  ',2) are m,,tually independent, with X, - NP(p,,,(,,r)-'V,), X2
N,(l, 2, (rm2r)-V2) and U"-- r -(,,,,,),,.( Next, we assume that conditional on

v, p a td r, l'. and p.2 are mutually idependent, with pi - N(u,(rp)-'n.i-1'V) and

1'2 N(II, nI (pr)- IV 2 ). Also, it. is asstrmed that vn', p and r are mutually independent.

with v uniform on RI, p has the type II Bet-a distribution with pdf hi(p) cx pm - (I
P) (m ) /1 ,-( where n(> 0) is known, while r has a gamma distribition with pdf
112(r) x exp( - !nvr)r' -', ,Y(> 0) and h( > 0) being known. We shall ain at,. finding the
posterior distri b,,iti of It, = (/ I, 1 p)' give,, X,A at"] It.

l"irst, note that, the joint, prior distrilmt.ion of Pi 412, ,, r and p is given by

P t,-, 2, v, p) oc (pr)"
e p 2 { I,(/,, V ,)TV 1 '(,i LI) I- , 2 (112  ,)r V2 'I - V)

*e, / (p), (r) (4.1 )

Next. observe that,

I, I ) Tl,l 1(111, ,) 1 (12 1,.)7'V " ' , ,./1
CT I(" ,.)"1. '(n i,.)J

I ??,i Ill 4 ?/i ~ 121 2 1 -~ V . (4.2)

where one may recall that, ,. -- (?71 V1  1{,V 2  ') '(,,,V'p, 1 ,12V2 1) _,) 1 (V )-' ( ,2, ', ,1
7122 11) with I, - C T I, I ? 72V21. Now integrating with respect, to v, one get.s
the joint. pdf of j,i 2, r and p in the form f(it, ,I , /?)

y12 e, pr Tv, .rx (pr)' e p 2 ~ 1/ i ' ill 1 122 ~2 112 P. T . . ' f1 ' /2 (r) ('.3)
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The exponent in (4.3) is easily simplified as
TVJL V 1  2'V2 11.- - /-TV.-'/L

T 2 2 12 VV-?'2 V
T-/~f V1 12 _ T n 2 1

}/LI- 4 nV V.n 2V I j}A
itI?- p Vf1'I'V- 12 V2

2 s jt 2 V~VnV 1  (4.4)

where V. (n,C' + n 2 V 2 ') 1-. Also, the joint pdf of X 1,X 2 an(1 U1 conditional on

P, ,2 and r is given by

ocrP expj-r/2{n., (R' _ / 1 )TVI-I(RI + ',)i "*2(R1 P2 T)V2 ' I(R I 2)

exp( -rtt/2)tt("I +nl2- 2)p/2-1 r(ni 1n2-2)p/2 (4.5)

Next we calculate

IP .

I PflP~hii 1 ~~/~2P'2 IIT V.'i (4.6)

which is tieeded to derive the posterior dlistribuition of it given 5ZhX 2 and u. Using
(4.1) arid straightforward algebra, one gets

id.,'

T I TVI 2V-n12T -
III ?121 -l 2 nPIV -it, (.41

(/ r e2 A2 1  - A t, -()V ,-') ,, . -- 2)rV- I

022 p(?- V2, I +)," P"- - ("., "'-' ?12, (24.5) V

f " * .,(., ...... *%*)*v,"*,, ., + .(, -; ( . .

D 1 =v +0 rt'??2v2-t 1 (4 .7R ) %

We now write G' as (;I I G72 where

G, - (p, -AIX, - A12-R2)rl"DIIG,, - ,i, , At2X2)

S (P2 A21XI A22Z2 )T "22(012 A21tft- A22Y-2)

2(/ti, AtXI A12:R2)rl)t2(p2z A , l 21CI A2A2)1 ,1

al.l-
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f1 . 1  n2 2 2 2- 1 R iRji 1 i 1 R 1,2R 2 )

(A21R1 +[ A 22R2)TI)22 (A 21:R1 + A22:R2)
-[2(~t1  A 2  r)D1 2(A 2s:R, iA 2 )j(4.10)

From (4I.7), (.1.9) and (41.10), it. follows that, A 1, A 12, A2 1 andl A22 sat1isfy

I AI )12A21  n1 1

1)22 A 27 07'Ai12 - 1l1
2

1),1 A 12  [12

which can he rewriften a~s

A 12  fl 112/122, A2 , 0 '22 12~' ,

'1'he fOllowing leMnma whose proof is given inl th~e Appendix is crucial1 to further Nr

siplf ~2.lecl Itai 2 /17 @2 r2 ) -- p/ (I jp) and( W (111,1 -1

1122 )k I(,' 1x 2
1

2 x12 ) 1 RI (ni12-,l2u

Ij(llimllm 4.1

Al I 1 A 12X2  iijR?1 B- i b )SayJ

/12 lgl 4 A22:R2  (I 11)Xi2 "W- 1)2(saY) (4..P

* From (.1.10), (41.13) andl (4.14l), (;2 call he simplified as

1* 11 X~ I* Ix ?)2x2 2 X7

*(I l?)XI, I?'vV' 7}), 1{(I 1?)x I I?V..

{(l- ?)~j ?' 1 T){(I 13)x?2 1IIs.7

1 2{f(I !?)XT' I !?WT}I' {12(I -OX 1JV}

V- 122 /1)
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+- 2(( -~ B)I +
f- x{,,V2  '- (- 13)!

[3712 V 2 V.}D 22{((I - 1)1 + fln.2 V.V 2 }

(I ,2 V 2 'V.)/),,( ,iz2 17.V 2 ') t 2{(l - !)
- V .j ( ,1 2 

--') 15

-T'

-, 1 B)i + BillV-'V.}),,(n 2 V.v 2 ')

- (Bnv,-'V.),D2 2 (I B)!

B !, 2 V. V2-'} + 2{(1 - ) Bi ,,VI 'v.}),{(I - 11)1

- (13 2 2Vv'V.)V,,{(1- 3)1 ...

+ tn,V.V,'} - {(+ 1 - B)! + Bn 2 V 2-'V.}l V 213(,ti,- . 2 (n2 v 'v.) D,12(Bn,, .vIv-')lx (415) .

Fro,,, (4.8), one gets

fi,, "22 - 21)12 - (I + 1,')(, 1, -' f 1,, 2 ')2 - P(,,v "'1 ? , ' (,,, y' ?'22 4 "2121

- n1 V 1  I n2 V2  '(since V. fl 1 ,I .-2V'2 -1)
- V .' (1. 16) .-

U sing (4.9) and (4.16), it is possible to simplify G 2 considerably. This is done in the

following Iernrna whose proof appears in the Appendix.

S ?7V -- 1 2V2 V, ,)12V2 }

Therefore, from ('1.9), Lemma 4.1 and Lemma 4.2, G can be written as

%,

( l,)Tl(J, -!,,) +- (It2 - b 2 )TD 2 2 (1t 2 - b 2 ) - 2(It, - 1,)DTD (PL - 1)2)

'ZRV~ 2  2f V 1 12 +321(41.17)

w here nVV",(I

DII* - nIV-I n, n VI- V.n). 17-I'+

1)22* - 121i2 - n2 V2l/-"n''21' 2

1)12 +=' - 1- n '-V.nV.21 2' (4.1 )

Rehirning to (41.3) and (4..5), the joint pdf of :R1, R2,1,4,1,2, r and p is given by

10h "



*P I jX2 . 1,1141 /2, r, p)

cx r"(pr)"/2 2x~ ex Ex1---r it21

(n, "-2)p/2I-r("' I -2)p/2/,(p), I ( ) (4.19) "

It, follows from (4. 17) and (4.19) that conditional on x1 ,x , r and p,

1 N2( ) - 1)12 (4.20)
*~~ '12 [ - ) 22 I

Also, int egratiig out, wiLh respect. to p., and 1 2, it, follows froii (4.19) that. the joint.
Pd f of XI , X 2 , (U, r ain( p is given I)y

cx pr)" 2 1),, 012r
X,'expf { fit .

12 A 1)2 2

r fI, -2 2)1,/.2 . ,,(tip 4 2)p/2 I - 1( v p)- 1"") • Px1,( ,vr/2)r ' "

(4.2)),

w here

SS, , , x 1)22 + x, 2X , ' , (+1.22)

Now, "rort1 (fo.m ) one get.s

1 1 ) 12
.5 -

1 !) 22

12 1 ?11 V 0 nit,

i ,p} ( tV,' 0 ) ( t , ))

(I pr)1iI 0,t ) /'t., :

/V2 V 2  1 . V 1 2 V 2

(1 ) 1 - ' II1 0 2 )
""2

" I~ 2r 0 "( "

(I p)v' ,, 1 2'2 1 1ceY 1 ) 11

71 01 %

0 ,, 2, 0 ( 2 ' , r) .

V I ?2 2 '1 sn V, I I -V

2)I 1 11 V" 112 1 1 2-1 23

(I* p I- i )1 .' ! I! )! ( i r ' . * ) ' ) .5 )) I' *A.J . ..
4.., ," ,~ '[ ,, ']~ (4. 555 S%) ,%
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ience, from (4.21) and (4.23), one getls

f(R 2, u., r, p) oc p / 2 r1"' 42-i)P"
2 ( 4 p)-/ 2 ex,[+- Q,, 3SS 1 ± a)

2
(o~j~n2-2)p/2 - A I in--l ) (n

+" -2),l2-l p r i (I I )-("+) (4.24)

Integraling out. with respect. to r, one getls the joint. pdf of X1 ,X 2, U and p as

P /2 1 -(i , -, - 2)p/2 I(u, + ,SS F, ) (,I I 2 I)r/ 2  A

( I / IIp

p I1tp(m e i ) (4.25)

sI ting the transformation p/(1 p) - 11 provides the joint, pdf of X 1, X 2 , U and 3 as

fp it, k2, , ) c ,?r/24 m " t( i n, 
2)r/2-I(it J3,¢', I b (

" '  '  IRp/- , (4-22) .5.

Next observe from (120) and (.1.13) that.

,() -( J)1,- BW .

IHfentl ie II I est. rila.or of I is

FX119'21 i F(I1jk1 ,k 2. vt)(x 1  W) (4.27)%

Ibiit, frorn (1.26), one gets

fI p/2'"(i I uss 11 f I 2-1 r2 d
. f 12  (i( I S, , t m ,) (1 4"2 I1)/ 2 - d ?(

1lminirk 4.1 Fromi iilltalleois disgonalizat ion oif .i I ,hi( i t, is easy to

show fronm (1.18) that,

lt l 2 2 f l 12 - (n1  i 11"1) I, (,i.29)

so thiat frol (4.22) one gets

" I --- (,x- I i2)T(?~ll ,l I i ?121" 2  1) I(X I  R 2 ) (4.30)

which is precisely the titmerator of F defined in (3.1).

,_,,,,



est. i. atd or of ihe forimt. R - (ek(,F) / F) ( , , W ) Consider for exam plec the sit . 'mat .ion

w hen o - 0 I.e., I? has the Improper prior /1 2(r) - r' - I. Now w ritinrg v = SS.iit,
%vnot-e from (1.30)) that. F -((71 71 2 2)p I- 2)v. Also, for cy 0, it, follows from

(128 tat.

-f i ° / . .

I~ I 1n i ,l

2~ - 71r (.1

22

roim (4 r.31) it, follows t - (1'tE, I? v ) - Wn be expressed as e a ( tv) e ( ) / F*.i
hNex no, that integra oh i parts gives mirnerator of (1. w

1' i' /'
",."

=- t) I -- - i ( " I ) v

,/) I + ()

p 2

I 2)p 26 2,i 2

,, .. I21

tI (c v fro 1.,3" 1b a 1. 2

F( ?11 .X 2 ~ '{( i21 2)p~ 2b 2? ? 2) 5

(1 2)((P n i ?2 2)p 2)

1"~l 12 2)p 26 2m~ 2)
t , ha

~i 1) n 2)p' 2A 2m1 2

2(p2 2)

,,(, ,, 2 , 2s 2 . a



,b - A . .-- - 4-,. .

22

if (, 2,,)((,,, + . 2)p 2) & 2(, - )((n, 4 717 -n 2) p 2m 2)(" > c)
p1'2,,,(' i n) 6} p(p ')( ( ?12 - 2) + ,Im f- 8 which holds whenever p 5

and - U( '1)0'r ' 2) -- fl}/2(771 1 77), asslming 71 n1 -8. Hlencp. for this
choice of m, O(1") Satisfies condition (ii) of Theorem 3.2 for V 2 - =- Ip. Also,

for Q V, -- V2 - ;,, condition (i) of "l'leorin 3.2 autoinatirally holds when p - 3.

Finally, noting that 7, is strictly increasing in F, and lising the ineqruality

(I -2 2I u 2 A m-2

4I 2 - 21o 4 d

/41 4/'7'
- I (1 - .it i" 

2
i -rdtt., (4.31)

1

,i- get,; after direct differentiation h* (v) "  0. Hence S"(in) is I in v. Hence, condition

(ii) of llheorenmi 3.' also holds. Thereore, when cy - 0, V = V2 = I,, p > 5 and

) m j(p 14)(iij I ?t2 2) 6}/2(11, 1 n 2 ), te 1ib estimat or obtained in (4.27)
r i ri i imax,

Remark 4.3 The -ornIrlision given itr Remark 1.2 bears strong resembla re to Straw-

dherman (1971) i i the one sample prolem. flowever, the fornm|iation here isn tmch

more general than the one given in St.rawderman (1971) or Strawderman (1973).

IVirst., Ire estima tor is riot shrnk towards zero or a prespecified point, but is shrunk

i,,irls the pooled mean. in St.rawderman (1971), r is asse(d to be known, whereas

li, Strawderrian (1973), r is assumed t.o belong to (^f, o) for some -1 - 0. Our for-

nulaiiin is also mnore general than tire one given in Morris (1983) because there r is

;i,-sminiuu kn)wn arid (pir) is given a iriform prior oil (). x).

,

do e e.

6'
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A. Proofs

Proof of IrrcMia 4. 1: To prove (4.13), note From (4.8) that

(122 - Dr D- 1 11 2 ) D- 1 DI, I D-2 2 D- 1 D -D

- 12 V2 '(1 F p){ (I- 13V.nr2W') - 1 V.

*l' l~ (1 ± ,,){ - J3V.n,V- } - pnf2 V 2 'V.,I ,1,-'

_j ((IP) 2 /,j)(1 - n 1 2 V 2 1V.) V.- I(I - 13V. if 11, 1 ) -- 721211'nIV

1_( ()2/p)(! f1 tl "21/ v .)((1 -- n 1 1  4- 112 12) - P ul2 V1'2 V-?nV ,
1

(( I-p)2/P){(1 -B1)n 1Vj' + n.2V 2 ' - 13(1 - 13)nl2V2 '-IzVC-'

13111 n 2 'V- t 2 V 2-1 )- P121/2 'V., I Vl- 1

-((1 +I p) 2 p){(1 - B)?11V1-' A- ?n2 V 2 ' - B31 2 72' + B ?l. 2 V2  -?7. VC'}-

P712 V2 1 V, n V1
a.(n1"' I- ?12 V"2 ')/ (A. 1)

Df)1 D TI J1'I) V
*-'1 -)12 (1'22 1 2 It' 1)2) IIV- (A.2)

-an

d-. wvich Yields by syrrimetry

U,,I - V,12 D22 
1

2  1 (n?2 I 121)/)221)12/1B (A.3)

I Jence from ('1.8) one get~s

N' (U,, '~~l2'~22 J42) -1 - f (I)T 2)1I 2 (i,1 127'~

I P2

''a 11 2 V2 1 (A. )

(1)11 1)12 1)22' J2) tl1' -r ~ l) , 'V *I~ n I, (A.r,)
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21 C

which vields from (A.2)

1 1)- ( )77 IT /)1,1 1) )  1 ,'(DII 01"2 1 2) 1)- -2

l I

1- 3- 2
l'  ( 17'2 V lll I)". I .'

(A,

(1.13 now follows tipon writing from (4.12)

I(),, - D,V1) )'-7,Vl I -- 11 1)1(1)2 - IRID,,' I,) lD'n,,-2 D, " 2

1( Ii(D,, - D 12 )2- 1 1 2 ) n i,' , ) 1,, 21) :'-D D 2(1)22 - D 2 12 2 .. --

aId invoking (A.2) and (A.6). The proof of (4.14) is similar and hence omitted. .,

I'r,,of , le ",Ina 4.:'l'he matrix appearing in , in (i.15) is simuplified as
',%

, n I 1 I 'I ,,,D22 (1371 Vj1 ') 2{ ((l -- 13)1 + t,,, v, ' } ..-,
I ,, Vl - 11- ')21)11 13-( 1I( ),iVl-lV t, 11 4 i) 11,,,V. VI- ):.

211(1 [3)DIn I V.V,

112? 1 j,, 1 1~11 (1- V).{,n 1V,-I(I p p)

pI2,,. ' I V. ?7

I 2.

H),1 { I I p)i)

112 t , n71 I .

I I I P j 2
f 77 1' 1.? li p(, j? 21

2 (i I j?)( I .P) 12"

IP

.2?

" IV , IV I 
I

1"
-H( l- nn -', Wv-C", )*%.l ;.,"2
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nI V 771 - 1 n , V , ' V) 22 ~ V .~
- , ,-' 1- n,, -'V.nIV,-'{/(1 4 p)2

2- ( ' P2 -p2 1(1 Ap) 2}
- p/(I !p)' ./t+e

- I,,V - 1 V V.?,IV,-II (A.7)

Analogo,,sly, the matrix appearing in I'-X2 inl (1.15)) ,("uies ou, t as

,2k2" {(I - 13)1 V B, 2 V2  'll.} ) {( -- 11)1 V 13n 2 '.V2  '}
(,,v-'v.) 1),,1(n2, 1. v2') 1 2 (1 - 3) 11 3 2 mV2'17, D" (Bnv.17-

1?n, 2V2  '- , -2 V2-IV.nl. -'1  (A.8)

We show that, the mtrix appearing in xii.1x2 if) (4.15) is nuill i.e.,

- {( --I! tI ,,, -' }I ,( ,, .V )

(h,,.1 , 'V.) 22 {(I 1-- 1)1 1- "2,, "2  }
2{(I 1)11 I,,V, 'V.}1), 2 {(l - 1)i -/ ,,.2V.V/2  o} (A.9)

I l,e.I hand side of (A.9)

- ( 13 1 ) 1) f 1 1' 2 2 13 (1 13)?), V,11V. 1)2 2 2( j?- 13)2

S21(1 TR)(D, v.,2 V V2  1111. 1)12)

11" -lnV I( , I1)21?2?1,1 V1 ",(D l 1-1)2 '- 21)i2)V/".n2V2-  ,,*,1

(usir g (4.8) and (4.16))

11(1 13){(1 1p),, I ', P , -I V , '.'
3(1 I3),,,v, '1'.{(i Pv),,21  -p,,z% 'l.,,1'2  } '

I 2(1I 11)"PV, .,P2 2 ! 2 3(I -- l)p,, i 1.' 2i . t, z. -1

1 2 P( I 1?tynI,,V, IV t "V .,, 1/ 1 2 1,', V , 2(

(using V. n-- i.t' , 7121 ' )

- ,,,1 ", V '1 -211(1 - I1)(I I p) f-2p(I 11) 1  112 I1 p[3(1 B) + 2pB( - /?)I

0, si e 11 I- p/(0 P).

*, *V****.' *. "¢ :-- -+- t,; - 'r ,"t )J' ,." ' 3 , ,- 4'.' 4 .'Y " .' e 41 r. " C t V." .r-r .{ . '
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I Finally, we evaluate the matrix appearing in RIT']x in (1.15), namely

-- (!3B 2 'v. ) ,,{( - r) I 11,, 1 ,V, -' - (0 - )I

4 2( 3,i 2 "'2 ,.) 12 ( .V. v, V')

- 1(i - 13), 2 V2  1% ' )l,, - 1(1 1 1)'1)22 V ,v,'V

- 71
2 .2 V 2  4I , 1)22 2 I ,

(,1sing (1.8) and (4.16))

- 3(t - 11),V -2  V.{(1 - p),, ,- -? IV- P? ' ,l ,', -V }

- B( -I){(I + p)n7, 2  ' P,,, 2V-- ".,, *2 n}IV,

W B I) 2 n 2 -1V ?IV I -1

(using V. - n Vi - I 11.2l- I)

W --213n2 2 IV,?,IVI I(A.10)

(ombining (A.7)-(A.10), the proof of the lem ma. is cofmplete.

-.-

2. s',ge''...2'2'.,,i.., , .. "." .. "% .-... "% .'%".%".'."." . ."." . . . ,"... .. . " ... "".. **."- *o'',.'. % -,
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